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ABSTRACT 

We explore a simple M = 2 SQM model describing the motion over com- 
plex manifolds in external gauge fields. The nilpotent supercharge Q of 
the model can be interpreted as a (twisted) exterior holomorphic deriva- 
tive, such that the model realizes the twisted Dolbeault complex. The 
sum Q + Q can be interpreted as the Dirac operator: the standard Dirac 
operator if the manifold is Kahler and the Dirac operator involving certain 
particular extra torsions for a generic complex manifold. Focusing on the 
Kahler case, we give new simple physical proofs of the two mathemati- 
cal facts: (i) the equivalence of the twisted Dirac and twisted Dolbeault 
complexes and (ii) the Atiyah-Singer theorem. 



^ eivanov@theor.jinr.ru 
^ smilga@subatech.in2p3.fr 



1 Introduction 



Complexes are the algebraic objects associated with smooth manifolds and studied 
in differential geometry [1]. The most known is the de Rham complex involving the 
exterior derivative d and the Hermitian-conjugate operator d^ = {—l)^P^^^^'kd'k act- 
ing on the space of p-forms {D is the dimension of the manifold and * is the Hodge 
duality operator). The operators d and d^ are nilpotent, while their anticommutator 
{d, d^} coincides with the covariant Laplacian acting on the forms. The other impor- 
tant complexes are the Dolheault complex, which is defined on complex manifolds and 
involves holomorphic exterior derivative d and its hermitian conjugate 9^, and the 
Dirac complex associated with the Dirac operator. The complexes may be twisted by 
adding background Abelian or non-Abelian gauge field^]. 

An important characteristics of all these complexes are their indices. The index of 
an elliptic operator El O can be defined if the whole Hilbert space of objects (states) 
where it acts can be divided into two subspaces (call them TIl and T-Lr ) and there 
are symmetry operators (commuting with O) that transform a state from Tii into a 
state from T-Lr and a state from T-Lr into a state from T-Ll. 

In such case, one can always define nilpotent projections: an operator that brings 
a state from Hl into a state from T-Lr and annihilates any state from Hr, and its 
Hermitian conjugate: the operator bringing a state from Hr into Hl and annihilating 
the states from Hl- The anticommutator of these nilpotent projections is a symmetry 
operator too. In the simplest case, it coincides with O. Then all eigenstates of O with 
nonzero eigenvalues are double degenerate (take an eigenstate from Ti^ and act upon 
it by a symmetry operator). It is not true for zero eigenvalues. The index is then 
defined as the difference between the number of states in the kernel of O belonging 
to "Hi and such a number for 'Hr. 

For example, for the de Rham complex, O = —Acov, and the Hilbert space of all 
relevant forms can be divided into the subsets of even and odd forms. The relevant 
symmetry operators are d and d'^. For the Dirac complexEl, O = — the Hilbert 
space of all spinors can be subdivided into the left-handed spinors and the right- 
handed ones. The symmetry operators are^ and ^7'^+^ (the index of O coinciding 
with the index of^ can be defined only for even-dimensional manifolds where 7"^^^, 
a multidimensional generalization of 7^, can be defined). 

The indices have beautiful integral representations. Consider, e.g., the 2-dim 
Dirac operator in an external Abelian field on the plane. Its index coincides with the 
magnetic flux, 

^TP = Bd'x. (1.1) 

^ There are two parallel terminological systems: physical and mathematical. For example, what 
a physicist calls Abelian gauge field is called connection on a line bundle by a mathematician. We 
will mostly use the physical terminology. 

^Recall that elliptic operators are invertible differential operators that generalize the Laplace 
operator (and of course include it as a particular case) . 

■^The sign is chosen so that the operator O is positive-definite with^ = VmJ^' and Hermitian 
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The integral representations for all indices were systematically derived by Atiyah and 
Singer [21 El IH IS] • In their derivation, they used the so called heat fcerne/ method based 
on the semi classical ( small /3) expansion of the matrix element (x|re~^^|a;), where F 
is the grading operator distinguishing between T-Ll and T-Lr, such that T'if = when 
^ eHl and r\E' = — ^ when ^ G I-Lr. (For good pedagogical explanations, see e.g. 

mm-) 

An interesting, from the physical viewpoint, modification of this method is based 
on the observation that the indices of elliptic (Euclidean) operators are associated 
via the level crossing picture with the anomalies of certain Minkowski space currents 
[H [9l [To]. For example, the index (11. ip is associated with the anomalous divergence 
of the 2-dim axial current Jm = i'lM^'^^', 

Qm-Jm = —^mnFmn ■ (1-2) 

One of the ways to derive (11.21) is to regularize the current by the Schwinger splitting 
Jm Jm{^) = + e)'yM<^^4'{x — e) and calculate then the Euclidean fermion 
propagator in external Abelian field {ip^x — e)ip{x + e))A using the Fock-Schwinger 
gauge technique [TT]. 

For the index (II. ip . the heat kernel calculation is rather explicit, but it is much 
more intricate in more complicated cases of mathematical and physical interest. 

Back in 1981, Witten noticed [111 [13] that this set of mathematical problems has 
a beautiful physical interpretation: the operators O can be viewed of as Hamiltonians 
of certain supersymmetric quantum mechanics (SQM) systems, while the nilpotent 
projections discussed above are interpreted as supercharges. The index of O coincides 
then with the Witten index of the corresponding SQM system, 

/ = Tr{re-^^} = Tr{(-l)^e-'^^} , (1.3) 

where /3 is a parameter having the meaning of inverse temperature and F is an 
operator that commutes with H and has even eigenvalues for the states from "Hl and 
odd eigenvalues for the states from T-Lr. Physically, F is interpreted as the fermion 
number. Due to degeneracy between the excited states inTii and Hr, the index does 
not depend on (3. 

Now, the r.h.s. of (II. 3p has a functional integral representation. For small /3, 
this functional integral can be evaluated by semi classical methods. As a result, the 
Atiyah-Singer integral theorems are reproduced. This program was carried out in 
[H [la [16] (see also, e.g. [HI ttH [I9]). 

In our paper, we concentrate on complex manifolds and study the M = 2 SQM 
modefl which, in our opinion, is most appropriate for calculating the relevant indices. 
Its classical TV = 2 superfield Lagrangian is a particular case of the general Lagrangian 
given in [20]. In the Kahler case, this SQM model is reduced to the model considered 
in [m [151 [IS]) whereas in a generic complex case its Lagrangian is different. Also, 

''Following the convention adopted now by the most practitioners of SQM, M counts the number 
of real supercharges. Thus, the minimal interesting case where supersymmetry (double degeneracy 
of all excited levels) is present in the spectrum of the Hamiltonian corresponds io M = 2. 
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in the Kahler case, our approach differs from the approach in Ref. [HI [151 IB] by 
the choice of supercharges. Instead of the supercharges^ and ^7^"*"^ that reahze the 
supersymmetry algebra for any even-dimensional manifold, we use the (Hermitian) 
supercharges 

tf = tj^'VM, S = I%^''Vm, (1.4) 

where J^j(r is the complex structure tensor satisfying the properties 

Imn = —Inmi ^%I'^p = "^p ■ (1-5) 

The existence of the supercharge S (such that = H and {5*,^} = ) is specific for 
Kahler manifolds [21] . The supercharges (11 ■4p are naturally obtained in our superfield 
framework as a real and imaginary part of a certain complex nilpotent supercharge. 

After fixing the complex geometry notations in Sect. 2, we present our model 
in Sect. 3. In Sect. 4, we show how this M = 2 SQM model can, in the Kahler 
case, be completed to the extended M = 4 SQM model. In Sect. 5, we give a 
geometric interpretation f ll.4p for the Nother supercharges derived in Sect. 3. We 
also observe that the nilpotent supercharge Tp + S can be interpreted as the (twisted) 
operator of the holomorphic exterior derivative. This allows one to prove, in a rather 
manifest way, the known mathematical fact: for Kahler manifolds, the twisted Dirac 
complex and the twisted Dolheault complex are equivalent. Sect. 6 is devoted to the 
functional integral derivation of the Atiyah-Singer theorem for the Dirac operator. 
The derivation is similar in spirit to the derivation in Ref. [HI [13 US], but we do it 
in a much more detailed way focusing on the Kahler case. 

Note that the first e-print version of our paper appeared in archive more than 
1.5 years ago [22]. Since then, it inspired a few papers where its results were further 
applied and extended [231 [211 [2S1 [2S] • We will comment on these subsequent develop- 
ments in the proper places below. We will also make more precise some statements 
of [22] and add, in the last Section, a short account of the new results. 



2 Complex geometry 

Let us start with recalling some mathematical facts on complex geometry adapted for 
immediate use in the next section where the relevant SQM system will be introduced. 

We assume the manifold to be even-dimensional of dimension D = 2n and de- 
scribed by complex coordinates = {z^,z''). The metric is assumed to have the 
Hermitian form ds"^ = 2hjj.dz^ dz^ . In other word^, 

= ( 4 ) ■ (2-1) 

'^Such a manifold is not necessarily complex in the precise mathematical sense. The genuine 
complex manifold is required to be divisible in several charts such that the metric has the form (|2.ip 
in each chart and the coordinates (z^ , z*^) in such different overlapping charts are expressed through 
each other by means of holomorphic functions. Thus, (in contrast to 5*^) is not a complex 
manifold even though its metric can be represented as in Ea. (l2.ip in both the northern and the 
southern hemispheres. Sill notice that the requirement for the metric to be representable locally in 
the form (|2.ip is nontrivial and singles out some subset of even-dimensional manifolds. 
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The covariant derivatives are defined as 

= OmV' + fj^pK^ , VmVn = OmVn - fl,^Vp (2.2) 

(note the order of indices in f j^p, f^^^). They involves generically the ajfine con- 
nections ^ 

^NK = ^NK + ^q'^^^Clnk , (2.3) 

where Fjjfj^ are the standard Christoffel symbols for the metric qmn and Clnk is the 
totally antisymmetric torsion tensor. We will also use the notation 

V^^ = ^*^ + i^f*^^7/^^. (2.4) 

In the following, we will stick to a special form of the torsion tensor with the 
nonvanishing components 

Cjki = dkhjj— djhj^i, Cjki = {CjkiY = d^hfj — djhij. . (2.5) 

(and those obtained from them by the cyclic permutation of indices). In real nota- 
tions, this can be represented as [20] 



CjKL = I/IkIl (ypiRT + Vh/tp + ^tIpr) (2.6) 

The connection (12. 3p with the torsion (12. 5[ 12. 6p is known to mathematicians as 
Bismut connection [27j (see also |28] ) defined as a connection with respect to which 
both the metric tensor qmn and the complex structure tensor Imn are covariantly 
constant while the torsion tensor Cjkl is completely antisymmetric 

The torsion (12. 6 p has, generically, a non-zero curl, O^mCjkl] 7^ o|^. 

Non- vanishing components of Tm,np and Tm,np are 

r?fi,np 2 {.^nhpfh ~\~ dphnfh) ; ^m,np ^m,pn '^Cmnp^ (and C.C.) , 
^rh,np 9phfim ; ^m,np CYnnp ; ^m,pn , (and C.C.) . (2.7) 

The last identity means that, after a parallel transport with the Bismut affine 
connections, an (anti)holomorphic vector is transformed into an (anti)holomorphic 
vector: the holonomy group is U{n) rather than S0{2n). As is seen from the first 
line in (12. 7p . this property does not hold for usual torsionless covariant derivatives 
for a generic complex manifold. 

Let us introduce complex vielbeins as 

e^ = h^, e^ = h^\ h^'h,j = 6i, hkjh^^ = 6i, (2.8) 
4ei = Sl, elel = 6l e| ej = ^ , e| = ^ . (2.9) 



^This is in contrast to Ref. [28l [27] where the Atiyah-Singer theorem on the manifolds involving 
extra curl-free torsion was considered. 
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The nonzero components of the standard spin connections 

MK^B I 



are 

^i,Ea = ~^j,afe = 6p(f^j6^ + r^^e^), ^jflb = 2^S.^lCjsk (2.10) 

and complex conjugated % f,^; %,af» with Cj^g defined in (12. 5p . 

When the torsion is present, one can define a generahzed spin connection related 
to the generalized affine connection Fj^^.- 

^MK^b) — ^M,AB — -Ga^B^MLK ■ (2-11) 

The nonzero components of are 

nj^b, = {^iM)\ (2-12) 

while the components ^j^ai %,afc vanish. 

The vielbeins and the generalized spin connection satisfy the Maurer-Cartan struc- 
ture equation 

deA + nABAeB=TA, (2.13) 

where 

eA = eAM dx'^^ , Qab = ^m,ab dx^^ , Ta = ^c^Cmnp dx^ A dx^ . 

The Maurer-Cartan equation for the standard torsion-free spin connection is 

dcA + ^AB AeB = 0. (2.14) 

The equations (12.131) and (12.141) are equivalent, as can be checked using the rela- 
tion (12. lip . For the Hermitian metric (12. ip . with the torsion defined in (12.50 . these 
equations imply the identity 

9[fee^-e;ef,a,]ef=^e|Q,j (and c.c.) . (2.15) 

For Kahler manifolds, the metric (12. ip is derived from the Kahler potential, 

hf,{z,z) = djd-,K{z,z). (2.16) 

In this case 

djhjk - dkhfi = dkhfi - djhki = , (2.17) 

and, as a result, 

CmNK = ^ ^^NK — ^NK ■ (2.18) 
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The only nonvanishing components of Tm,np in the Kahler case are: 

^fh,np dnhpjfi , ^m,np (J^fh,np) dfiJlrnp . (2.19) 

The expressions for the non-vanishing components of the spin connections are also 
greatly simplified, 

^jM = %,6a = e^d^el = w^- 5„ , Qii^-a = = e^djel = uj^ba ■ (2.20) 

In the Kahler case, the structure equation fl2.15p acquires the form 

V;]-4effc9,]ef = (andc.c), (2.21) 

which is now a non-trivial constraint on the vielbeins ef, Cj ( equivalent to the con- 
straint fl2.17p on the metric). The only non- vanishing components of the Kahler 
Riemann tensor are 

Rfk,it = djdkhit - hps r^^rif = djdkhit - /i^" {djhis) {dkKt) 

= efCf [djUk^ab + dk^j^la + ^j,bd^k,ad ~ ^j,da^k,db) ■ (2.22) 

Finally, note the useful generic relations: 

^i,db = ^i,db + 2^64^«'* ' ^i,ab = i^i,db + ^b^l,Cilt , (2.23) 

where the expressions Ui^ab coincide by form with those defined in fl2.20p . Note that 
the objects cui^ab can be given a geometric interpretation even in a non-Kahler case. 
They coincide with the appropriate components of a generalized spin connection 
associated with tfjj^ = Tj^j^ - Iq^^^Ctnk ■ 

3 A/" = 2 SQM model 

We formulate a general complex A/" = 2, d = 1 SQM sigma model in terms of 2n mu- 
tually conjugated chiral and anti-chiral superfields Z^(ti, 9), Z^{tji, 6) (j, j = 1, ■ ■ ■ n) , 

Dz^{tL,e) = Dz\tR,e) = Q, (3.1) 

where 

D = T^-'^9t,D = --^+i9dt, {D,D} = 2idt, tL = t-iee,tR = t+idd. (3.2) 

The basic superfields have the following component expansion 

z^ = + y/2e^ij^ -lOOz^ , z~^ = z' - V2ef^ + lOeP . (3.3) 

The M = 2 transformation properties of the component fields are as follows: 

5z^ = -^261/;^ , dip^ = V2iez^ , 

6z~^ = ^2611;'^ = -V2itf^ . (3.4) 
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The superfield action we start with reads 



S = j dt£9 + C 



gauge J i 



h,jiZ,Z)DZ'DZ^ , Cgauge = W {Z , Z) 



(3.5) 



Here, hfj{Z,Z) and W{Z,Z) are unconstrained functions of the superfields. In 
general [2D], one can add to C the terms 



Bik{Z, Z)DZ'DZ^ + C.C.. 



(3.6) 



and also the terms involving higher antisymmetric even-dimensional tensors Bijku 
etc. These additional terms do not change the target space metric in the component 
action and affect only fermionic terms (introducing some extra non-zero components 
of the torsion). In this paper, we concentrate on the model where all these tensors 
vanish. The models with nonzero B were discussed in a recent paper |26] . 
The Kahler case corresponds to the choice 

hf,{Z,Z) = d,d-,K{Z,Z), (3.7) 

where the Kahler potential K{Z, Z) is an arbitrary real function of the superfields 0. 
The component form of the full action is 



S= dt{L, + L 



gauge ) 



dt< h 



I'jk 



+ 2d^d-kW -i (djWz ^ - d-jW 



(3. 



The geometric meaning of the different terms in the "sigma-model" part L„ of 
the Lagrangian in f l3.8p can be clarified, if rewriting it in the following form 



gMN z^z'' + iguN i^^'vr - ^ OpCmnt ^^^^^^^^ 



(3.9) 



where the metric qmn is written in ( 12. ip . the covariant derivative Vip'^ was defined 
in (12. 4p and the torsion tensor Cmnt in (12. 5p . (12. 6p . 

The Lagrangian L gauge (the last line in (13. Sp ) describes the interactions with the 
Abelian gauge field Am = {—idjW,idjW) = I^dNlV, the double derivative Fj^ = 
—F^j = 2idjd^W being the magnetic field strength. This Lagrangian can also be 
rewritten in a form analogous to (13. 9p 



-'gauge 



AmZ"" 



2 Fmn^''^'' . 



(3.10) 



^For CP^ and with the restriction K — W, this SQM model was earlier considered at the classical 
(component and superfield) and quantmn levels in Refs. p^l [501 [5T] . 
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The prepotential W{Z, Z) is an arbitrary function. A particularly clever choice is 
W oc Indet/i (see Eg. (15.1 1) below). The corresponding bundle {—idjW,idjW) is 
called canonical by mathematicians. 

The fermion variables ip^ if)^ are not canonically conjugated, their Poisson bracket 
being equal to —ih'^K It is convenient to introduce the canonically conjugated 
fermionic fields with the tangent space indices, 

r = e';^\ f' = el^\ (3.11) 

such that all the variables have the canonical Poisson brackets, 

{z^,P,}pB = 6i, {z^,Pj^PB = 6l, {V^^^"nPB = -^^'^^ (3.12) 

Then, using the invariance of the Lagrangian in (13. 8 p under the transformations 
(13. 4p (modulo a total time derivative), it is easy to compute the corresponding canon- 
ical supercharges 

Q = V2 [n,e> - V '{e'Ake'^e',)] , 

Q = v^[nseS^^-z^^^>'^(eJ%efe;)] , (3.13) 

where 

U„ = Pk + tdkW, n-, = P-,-td-kW, (3.14) 

and Pk, Pk are the canonical momenta. 

Using the definitions (I2.10p . (12. 5p and the relations (I2.15p . (I2.23p . these super- 
charges can be brought in a more suggestive geometric form 

Q = [Hfe - # > ^ Qkrab] e,'^ ^ Q = V2el^P ' [U-, + > 0^^,,] . (3.15) 

It should be pointed out that the 3-fermionic terms in these supercharges contain 
the spin connections flk,ab, ^k,da corresponding to the standard symmetric Christoffel 
symbols T^jk and defined by the relations f l2J0D . ([223]). E 

Using (I3.12p . it is easy to find 

{Q, Q}pB = -2tH,i , {Q, Q}pB = {Q, Q}PB = [Q, H,i]pB = [Q, H,i]pb = 0. (3.16) 

The canonical classical Hamiltonian Hd can be represented in the following compact 
form: 

-2eield,d-,W^^f' - eieiele%dtdjhf,)^y'^f'i;'^. (3.17) 

It is interesting to note that, in the generic case, the spin connections entering the 
supercharges (13.151) and the classical hamiltonian (13.171) do not coincide with each 
other: they differ by a term proportional to the torsion. 



^On the other hand, the supercharges involve only the holomorphic components of the spin 
connections and do not depend on non- holomorphic components ah^ ab- ^l^o Eg. p.SSp 
below. 
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In the Kahler case, when the torsion is vanishing, the situation simphfies. Both 
the supercharges and the Hamiltonian are expressed through the same connections 
fl2.20p . In addition, the last four-fermionic term in (13.1 7p vanishes. 

We thus obtain 

gKahi = 72 [Hfc - li, > ' uju,-ai] e^^A ^ <5^''' = v^e^^ [n^ ^ir^^ u;^,,,] (3.18) 
and 

^Kahl ^ ^fci _ _^ ^ a j ^ ^ ^ c j _ 2eie| Q^Q.^^ I ^g^^g) 

The expression for the Lagrangian also simplifies a lot in the Kahler case. The 
four-fermionic term in (13. 8p . (13.90 vanishes. The remaining terms in can be pre- 
sented as 

Lf ^1 = h^j,z^^ + '-{r¥^ - rr) + z - i'^u;,,-,,) • (3.20) 

Let us now turn to quantum theory. The Poisson brackets (I3.12p are replaced by 
the (anti) commutators: 

[z^ Pu] = ibi , \z\P-^ = i6i , {r, f'} = S^' . (3.21) 

As is well known, there exist, generically, many different quantum theories corre- 
sponding to a given classical one, due to ordering ambiguities. To make a selection, 
we require that the supersymmetry algebra (13.160 remains intact at the quantum 
level and that Qgu and Qgu are Hermitian conjugate to each other. As was noticed 
in [32], these two requirements can be simultaneously fulfilled only provided that 
the classical expressions for the supercharges are Weyl-ordered in the quantum case. 
The correct expression for the quantum Hamiltonian is obtained as the anticommu- 
tator of the Weyl-ordered Qgu and Qgu- Note that this correct quantum Hamiltonian 
does not coincide with the operator obtained through Weyl-ordering of the classical 
Hamiltonian defined by the relations (I3.16p . 
We thus obtain 



/=)flat _ ^ 



{fl-,, e',}^P + 'ij ^ ij '}el n-,^,, . (3.22) 



These Weyl-ordered supercharges were dubbed "fiat" because they act on the 
wave functions normalized by the condition [32] 

^]Jdz''dz^]JdiJ''d^P^exp{^P^iJ''}^{z'',z^,i'^)<^J{i^,^^ = 1 (3.23) 

k a 

with the fiat Hilbert space measure. In particular, it is straightforward to see that 
the Weyl-ordered supercharges Q and Q are Hermitian-conjugate to each other with 
respect to such fiat inner productl^. 



^The same concerns the fermion operators ip"' and ip°' = They are Hermitian-conjugated 

with a particular Berezin integration measure in p.23p . p. 241) involving the factor expl-i/j^V"}- 
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It is more natural, however, to deal with the covariant supercharges Q'^"^, 
which act on the Hilbert space in which the inner product is defined with the covariant 
integration measure 

]^ dz'^dz^ deth]^dt/j^d^''exp{'ilj''^jj''}^{z'',i^,tjj'')^{i^,z\^'') = 1 (3.24) 



(note that det h oc y/det g). They are related to the fiat supercharges by a similarity 
transformation 

( Q=°^ Q=°" ) = (det h)-^/^ ( Q^""', Q^^* )(det h)^/^ , (3.25) 
which yields the expressions: 



% — - 

Hfc - -<9fc(ln det e) + z^" V " ^k,ab 



ck 



(3.26) 



Here, 



U, = -^{J-^-^,W^, n, = + 9,1^) . (3.27) 
The supercharges obey the relations of the M = 2^d = 1 Poincare superalgebra 

The expression for the quantum Hamiltonian can be obtained in two ways: 
(i) By directly calculating the anticommutator of quantum supercharges fl3.26p or (ii) 
by Weyl-ordering the Gronewold-Moyal bracket [33l [31] of the classical supercharges 
fl3.15p and performing then the similarity transformation, like in f l3.25p . 

We obtain 



- 2{r^p') eteid,djW - (ri^^^pY) e^eieie'^ {dtdjhf,) . (3.28) 

Here, (...) denotes the Weyl-ordered products of fermions, R is the standard scalar 
curvature of the metric hjj., and A^°^ is the covariant Laplacian calculated with the 
"hatted" affine connections in (12.70 and including also the (hatted) spin connections, 

_ A- = h^^ {v,V-, + iV]-^P, + V-,V, + i%V^ , (3.29) 

where Vj = Hj + iVLj;^^{ijj"-ip^) and Vj. = H^ — iVLj.^^i{ip°-ip^) . Note that the scalar cur- 
vature R is related to its "hatted" counterpart R associated with the non-symmetric 
affine connection F by the simple formula 

1 3 - - - 

-K — -K — -C-AfArpO — U — -n 11 11 Lyjti^kln- 
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In the Kahler case, the expression for the quantum Hamiltonian greatly simphfies: 
^kTm = + I - 2{r^') e'^eldkdjW , (3.30) 

where now — A'^"^ = h''^ {'Pj'Pk + '^k'Pj) ^.nd Cl, are reduced to Q, Q = u, u ac- 
cording to the relations fl2.20p . 

An important remark is to the point here. The Lagrangian (13.201) can also be 
expressed through real variables, 

r 9MN \ ■ M ■ N I • ; Mv7 ; A^l ^ \ ■ M • N . ■ i A/ ] A . r-, -Mi B\\ to 01 \ 

L = — ^ z Vil) \ =-ygMNZ z +1^ [i) +IIm,abz ^ )J -(3.31) 

This Lagrangian is well known [HI [15]. It can be (and was) also considered for 
a generic (not necessarily complex) manifold. In a generic case, it is manifestly 
invariant only under TV = 1 supersymmetry transformations (with a real Grassmann 
parameter). The corresponding Nother supercharge is 



A^M 
A 



(3.32) 



The covariant quantum supercharge (obtained by Weyl-ordering of the classical su- 
percharge and taking a correct account of the measure factor as in ( I3.25P ) is given by 
the same expression, where now {ip^,ip^} = 6"^^. It can be interpreted as the Dirac 
operator. By construction, it is Hermitian with the Hilbert space metric including 
the factor ^/detg . 

The corresponding quantum Hamiltonian [6l U\ coincides, up to a proper similarity 
transformation, with (I3.30p rewritten in real notations. 

As was mentioned in the Introduction (and we will return to the discussion of this 
issue in Sect. 6), for an even- dimensional manifold, the second real supercharge 

D 

Q = 2^/2gJ-J ^3 33^ 

A=l 

associated with^7'^+^ can also be defined. However, for D > 4, this second super- 
charge has nothing to do with the supercharges f l3.26p . 
To recapitulate: 

• For any even-dimensional manifold, the system f l3.3ip admits two real quantum 
supercharges fl3.32p and f l3.33p . 

• For any manifold with Hermitian metric (12. ip . a generically different system 
(13. 8p involves a different pair of supercharges (I3.26p . We will show in Sect. 5 
that these supercharges can be interpreted as an exterior holomorphic derivative 
and its complex conjugate. 

• We will also show in Sect. 5 that, in the Kdhler case, the imaginary and real 
parts of the supercharge Q in (I3.26P can be interpreted as the Dirac operator 
Tp and the operator S defined in Eq. (II. 4p . 



11 



Thus, for Kahler manifolds, when the Lagrangians (13. 8p and fl3.3ip coincide, two 
different N = 2 supersymmetry structures ; ^, Tp-^^^^) and ; Tp , S) 
are possible. Note that this does not imply an extended Af = 4 supersymmetry 
because the anticommutator {S, Tp'-/^'^^} does not vanish. 

Note, however, that, for hyper-Kdhler manifolds where three different complex 
structures are present, one can construct three different new supercharges 

^(/) = V^^A/ , / = 1,2,3, (3.34) 

such that the Lagrangian (13.201) . (I3.3ip enjoys an A/" = 4 supersymmetry 



There exists also an A/" = 4 completion of the system (I3.20p for any Kahler 
manifold, as will be discussed in Sect. 4. 

For non-Kahler manifolds, the sum Q = Q + Q can also be interpreted as a 
Dirac operator, but with some extra torsions. Indeed, one can show that 



Q = V2iIj 



M 



(3.35) 



which may be interpreted as a torsionful Dirac operator where the torsion tensor 
involves an extra factor 1/3 compared to the Bismut connection [37] . 

3.1 Examples 

Here we consider two examples of SQM on complex manifolds. 

1. CP" model. This is a Kahler manifold, so the torsion (12. 5p vanishes and many 
formulas look simpler. The corresponding Kahler potential is 

K = \n{l + zz), zz = zH~K (3.36) 

We choose 

Ty = = -| ln(l + 2z). (3.37) 

As we will see in Sect. 5, the quantum problem is consistent when the constant q is 
integer for odd n and half-integer for even n. 

The metric is given by the well known Fubini-Study expressions: 

1 / z^z~^ 
hfk = djd-k ln(l + zz) = — — - 5-^ - 



1 + zz \ ■' 1 + zz ^ 
h^^ = (1 + zz) (5^^ + zh~^\ . (3.38) 



^°This M — A supersymmetry holds also for more general class of sigma models associated with 
the so called HKT (hyper-Kahler with torsion) manifolds [35]. Their off-shell superfield description 
was given in a recent paper [36) . 
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Note the specific for CP" relation 

K 



n + l 

We clioose tlie vielbeins in tlie form t2T] : 



In det h . 



zz 



VI + + VI + zz) 



e\ = Vl + zz 5i + 



e\ = ^l + zz 4 + 



5f 



zh^ 



1 + VTT 



zz 



z°-z^ 



1 + VI + zz 



VTTzi V ' ^/\^Zz{\\^f\^ZZ) 

The supercharges f l3.26p in this special case look as follows 



where 



oh 



d ] 
9? + 2t^ 



n + l 



d 1 / n+l 



1 + 



1 + 



and cjfc^ab , were defined in Eq. fl2.20p . 



(3.39) 



(3.40) 



(3.41) 



(3.42) 



2. 5*^ model. As a second example, we consider a 4-dimensional conformally flat 
manifold with the metric 



2 dzHz^ 



J = 1,2. 



(3.43) 



When / = 1 + zz^ this is the metric of S*^ or rather 5'^\{-} (the metric fl3.43p being 
singular in infinity). Under a natural choice of vielbeins, det e = det e = 1//^ and 
the non-zero components of the spin connection fi^ are 



^1,11 = ^2,21 = -<9iln/. 
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2,22 



-52ln/ . 



(3.44) 



This is not a Kahler manifold. Taking the general expression (13.261) for the super- 
charges, we derive for = , 



Q = -tV2r[fda - (dj)] - iV2i;'i;'[{d2fW - (^i/)^'] • (3-45) 
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An TV = 4 SQM model describing the motion over any conformally flat 4-dimensional 
manifold with the metric (I3.43P with or without background gauge field was con- 
structed in [38j based on the action given in ^39j (see also [ID])- In the case when 
the gauge field is absent, the flat (in the Hilbert space sense, as discussed above) 
supercharges have the form 

= {ijalTP,! + i^d.ma^X'I'.r , (3.46) 

where = {i, a), aj^ = {-i, a). 

It is straightforward to see that, after performing the similarity transformation 
fl3.25p . the supercharge fl3.45p coincides with in fl3.46p under the identification 

Xs + iX4 2 Xi — iX2 

or with Q^, under the identification 

1 Xi + iX2 9 iX4 — X3 

z = = — , z — 



V2 ' V2 ' 

These two possibilities reflect the presence of two different M = 2 Poincare superal- 
gebras in the Af = 4 superalgebra. 

In the case of S^^yj-}, the spectrum of the model was recently analyzed in [23]. 
In spite of the singularity, which could ruin the supersymmetry [21], this does not 
happen in this case. The spectrum is supersymmetric, involving 3 bosonic zero modes. 



4 Completion to Kahler A/" = 4 SQM model 

Our starting point is the Af = 2 SQM model with the superfield Lagrangian £0- in 
(13.51) involving the Kahler metric (13.71) . We do not add the gauge part C gauge- So we 
choose 

hf,{Z,Z) = d,d-,K{Z,Z), W = Q (4.1) 

in (13.51) . The corresponding component Lagrangian was written in (I3.20p . 

Using the chirality properties of Z\Z^ and the algebra of = 2 spinor deriva- 
tives, it will be convenient to rewrite the corresponding superfield Lagrangian in the 
following three equivalent (they coincide up to a total time derivative) forms: 

= —djd-k K{Z, Z) DZ^ DZ ^ ~ '^^^^J ^ 
~ ^Z'^d-^K -^(^Z'^d-^K - Z^djKy (4.2) 
Now consider an extended Lagrangian 

£^ = £^ + ^/i,.S$^$\ (4.3) 
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where , are chiral and anti-chiral fermionic M = 2 (0+l)-dimensional super- 
fields, I) = D $^ = . It is straightforward to check that (14.31) is invariant, modulo 
a total derivative, under the following extra TV = 2 supersymmetry transformations: 

(5Z^ = -C$^ 5Z~^ = C^~^, 6<l>^ = 2iCZ\ 5^'^ = -2iCZ~^ . (4.4) 

These variations form the same algebra with respect to Lie brackets as the variations 
(13.41) corresponding to the manifest world-line M = 2 supersymmetry. Thus, they 
extend the latter to off-shell (O-M)-dimensional A/" = 4 supersymmetry. 
The superfields , have the following 9 expansions 

= ^ + - i^de X ^ = V2x ~^ + 0d~^ + 1^/299 x ^ • (4.5) 

We observe that they contain no new bosonic fields of physical dimension, only the 
auxiliary bosonic fields d\d'' as well as the extra physical fermionic fields x^'jX^- 
Thus, in this model we deal with n off-shell A/" = 4 supermultiplets (2,4,2), the 
subsequent numerals standing, respectively, for the numbers of the physical bosonic, 
physical fermionic and auxiliary bosonic field£l]. The manifest M = 2 supersymmetry 
acts on the component fields in (14. 5 p as 

5x^ = — ^ed^ , 6d^ = 2V2iex^ , = — ^ed~^ , 6d~^ = 2V2iei~\ (4.6) 

V 2 V 2 

The second supersymmetry transformations (14.41) has the following realization in 
components: 

6z^ = -V2Cx\ = -^Cd\ 5x^ = \f2ilz\ Sd^ = -2V2iCiP^ , 

v2 

Sf^ = V2Cx\ = -^Cd~\ 6x^ = -y2<l^ 6d~^ = -2^2^ ^ -(4.7) 

v2 

After going to the component fields in the action corresponding to the modi- 
fied superfield Lagrangian (14. 3 p and eliminating the auxiliary fields d^,d^ by their 
equations of motion, 

d ^ = 2hP^di htp X V ' , = '^h^^d-i hpj f^x^ , (4.8) 

the contribution of the second term in (14. 3 p to the total component Lagrangian reads: 

AL = ^ hf, [x ^ Vx ' - Vx ^X ~')+Rfupi^ ^ \ ■ (4.9) 

Here, 

Vx^ = X^ + z%-x\ Vx^■ = x'■ + i'^pX^ (4.10) 

and Rjkip is the Riemann tensor for the Kahler metric defined in (I2.22p . Its appear- 
ance in the Lagrangian is an important new feature of the A/" = 4 case compared to 



^Hn. this notation, the Af — 2 multiplets corresponding to the superfields and can be denoted 
as (2,2,0) and (0,2,2). 
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The total TV = 4 supersymmetric component Lagrangian can be concisely written 



as 



(4.11) 

The A/" = 4 supersymmetry closes on shell, since we have eliminated the auxiliary 
fields d\d~^. 

The Lagrangian (14.111) is well known. It coincides with the Lagrangian obtained 
by deleting spatial derivatives in the (l+l)-dimensional M = 2 a-model Lagrangian 
[H] and discussed, e.g., in SSI [22] (there, fermionic fields ip^.x^ were combined 
into a SU(2) doublet). We refer the reader to [32] for the expressions for the classical 
and quantum supercharges, the Hamiltonian, etc. 

It is worth also recalling that the Lagrangian (14. lip coincides with the generic 
SQM sigma-model Lagrangian involving D supermultiplets (1, 2, 1 



L = 9MN Qi*'i^ + ^ V^^VV'^') + Irmnpq V^^^^^^^V^^ . (4.12) 

For a generic metric, the latter Lagrangian enjoys only M = 2 supersymmetry, but 
in the Kahler second pair of supercharges can be found. Note also that, 

when an external gauge field is present, there is no such second pair. A related 
almost equivalent statement is that no A/" = 4 completion based on the linear chiral 
A/" = 4, (i = 1 multiplets (2, 4, 2) is possible for the theory (133|) with W . Note 
that such a completion becomes possible, if extending the M = 2 chiral multiplets 
(2, 2, 0) to non/mear versions of the A/" = 4 multiplets (2, 4, 2) or (4, 4, 0) gZl SSI ES] • 



5 Quantum supercharges and geometry 

Let us assume that det e = det e = Vdet /lEl and choose 



W=—^ — -Indet/i. (5.1) 
2n+l ^ ^ 



Then the general supercharges (I3.26p take the form (I3.4ip . (I3.42p where we should 
replace Uk^b ^k,ab and 

^fe 1 

— )■ dk (In det h) , 



1 + zz n + 1 

z^ 1 



^ ^ —d-,{\ndeth). (5.2) 

1 + zz + 1 

We see that there are special values q = ±(n + l)/2 where either 11^ or 11^ coincide 
with the usual holomorphic or antiholomorphic derivatives. Consider first the case 



^^Such a choice amounts to fixing a gauge with respect to the local frame U(l) transformations 
of the vielbeins. 
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q = {n + l)/2. It is not difficult to check that the action of Q™^ on the wave functions 

is isomorphic to the action of the exterior holomorphic derivative d on the set of 
n + 1 holomorphic (p,0)-forms (the term oc in Q™^ cancels out the term com- 
ing from differentiation of the vielbeins in virtue of the structure equation fl2.14p ). 
The Hermitian-conjugate operator Q'^°^ is then isomorphic to 9^. In other words, in 
this case the supercharges (I3.4ip realize the standard untwisted (i.e. involving no 
additional gauge field) Dolbeault complex. 

Likewise, in the case q = — (n + l)/2, the action of the operator Q™^ on anti- 
holomorphic wave functions "${2^, ijj"') is isomorphic to the action of the operator 
d on antiholomorphic (O,p)-forms, the operator Q'^"^ playing the role of 9^. Thus, in 
this case we are dealing with the anti-holomorphic untwisted Dolbeault complex. 

For any other value of q, an extra Abelian gauge field is present in the framework 
of both the holomorphic and antiholomorphic Dolbeault interpretations, i.e. 



A, 



1 - 



2q 



n + 1 



dh In det h 



(5.4) 



in the holomorphic case and 



4 V n + 1 



di In det h 



(5.5) 



in the antiholomorphic case. We face what is called twisted Dolbeault complex. 

Until now we dealt with the generic (non-Kahler) M = 2 SQM model, the only 
restriction was the relation (15. ip . If the manifold is Kahler, the supercharges admit 
another even more interesting geometric interpretation: when q = 0, the sum Q'^"^ + 
(Q™^ can be interpreted as the untwisted Dirac operator. When g 7^ 0, an extra 
Abelian gauge field is present. 

Indeed, the standard untwisted Dirac operator in the real notations is [cf. fl3.32p 



1 



(5.6) 



When splitting M = {k,k), A = {a, a) and introducing 1/2?/;" = 7'^, y/2'ijj'^ = 7° 
one can be convinced that, for Kahler manifolds, one can represent 



where 



and 



Hoixt 



Hoi 



V2ip 



bk 



Hol\t 



(^Hol) 



-V2ij' 



bk 



5s + 2^Md-(V^> 



(5.7) 
(5.8) 
(5.9) 
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These operators coincide, up to the factor i, with the supercharges (13. 26 p . f l3.27p in 
which one chooses Q = u and W = 0: 



^Hoi ^ ^Qco. ^ (jpnoiy ^ cov ^ =q = oy (5.10) 

For g 7^ 0, an additional Abehan gauge field is present, and we are facing the twisted 
Dirac operator in this case. Note that the definition of "twisting" or "untwisting" is 
different in the interpretations in terms of Dolbeault and Dirac complexes. E.g., the 
choice q = corresponds to an untwisted Dirac complex, but to the twisted Dolbeault 
complex (as is seen from (15. 4p . (15. 5p ). 

The operator^ is anti-Hermitian. Consider now the real part of!^^°\ 

S = Tp^°^ + (5.11) 

One can be convinced that, instead of \/2ip^T)]\f = 7*^Dm for the imaginary (anti- 
Hermitian) part of^^°^, for the real (Hermitian) part we obtain the expression 

S= -z^'^I^Vm . (5.12) 

This is immediately seen when writing the components of the complex structure 
tensor (II. 5p in the complex basis: /'^ = iS^^; I"l = —iS^. The pair of supercharges 
(II. 4p is thus reproduced. 

A by-product of this analysis is a physical proof of the purely mathematical fact: 
for Kahler manifolds, the twisted Dirac complex is equivalent to the twisted Dolbeault 
complex, bearing in mind that the twisting (the adding of Abelian gauge fields) in 
the Dirac complex and in the Dolbeault complex is different. This fact is known to 
mathematicians, see e.g. the Propositions 1.4.23 and 1.4.25 in the book |19]. 

If the manifold is not Kahler, the decomposition (15. 7p - (15. 9p is no longer valid. 
However, as was noted above, the sum Q + Q of the quantum supercharges (I3.26P 
can be represented as the Dirac operator with some special torsions (I3.35p . The 
imaginary part S oc Q — Q may be obtained from (I3.35P by commuting (I3.35P with 
the fermion charge operator F = UMNi^^^i^^ = jImnI^I^ ■ The result is 



S = V2^''I% 



(5.13) 



2 ' " " 4 

6 Index 

The Euclidean path integral representation for the index (II. 3p of our system is 

I = / 11 '-n^^ 11# (r)#(r) 

X 6xp 1^ dr i-KjZ^ + iTT-j¥ + ^"V^" - H{-nj, tij, , z^; ip^, ip") | , (6.1) 
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where both bosonic and fermionic variables satisfy the periodic boundary conditions, 
z^{(3) = z^{0), etc. Expand all the variables in the Fourier series, 



+ ^ ^i(m)g2«mr//3 -J^^^j _ ^i(O) _^ ^ ^J(m) g-2«mr//3 ^ (g^2) 



and similarly for '/rj(r), vfj(r) and ip"' {t) , ip"" {t) . If /3 is small, we seemingly (see below) 
can neglect the nonzero modes in the expansion, neglect thereby the terms with time 
derivatives in (16. ip . and rewrite (16. ip as an ordinary integral [511 



' = /n ' w — ii'**'""''''''"'"' 

X exp |-/3if(7rf , vrf , z^^, z^^^; . (6.3) 

The functional integral is reduced to the ordinary one in the semiclassical limit /3 — )■ 0. 
However, the index (II ■3p does not depend on (3, and the estimate (16. 3p should be true 
for any /3. 

Substituting here the Hamiltonian ( I3.17P with the choice (15. ip (remember that, 
for Kahler manifolds, the last term in (I3.17P vanishes), we can easily integrate over 
Ylj dnjdTij and over Yla dip"'dip'^ to obtain 



/ = y" ]^ '^-^'^'^-^'^ det det , 



(6.4) 



where iJ^^i = —2e{e^djdj^W is related to the 2-form describing the magnetic field 
strength. In the simplest CP" case under the choice ( 15. ip . we have ij^ai = l^ah 
leading to 

/ = I WdzHi^ {del h) . (6.5) 

The calculation with the Fubini-Study metric (I3.38p . i.e. with det h = (x_j.^g)n+i , gives 

/cp" = — r • (6.6) 
n! 

This result looks suspicious. Indeed, to make it integer (the index should be integer 
for the Dirac operator to make sense: only in this case the manifold admits spin 
structure), q should depend on n in an odd way. 

Actually, the estimate (16. 6p is wrong. The correct estimate reads [2], [21 IH El [ 



e^/^Met-^/^ 



TZ 

sm ^ 

4n 



(6.7) 



where J-" is the field strength 2-form and TZ is the matrix 2-form associated with the 
Riemann curvature, 

jr = I^Fmn dx^ A dx"" , 7^^^ = Ir^\,n dx^ A dx"" , (6.8) 
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A, B being the tangent space indices. 

The precise meaning of the representation (16.71) is that the volume integral in its 
r.h.s. projects out only the forms of the maximal rank D from the Taylor expansion 
of the integrand. Thus, for 4-dimensional manifolds, the index is represented as the 
sum of two terms, 



'(i=4 - 



The topological invariants in the r.h.s. are known as the second Chern class C2 and 
the Hirzebruch signature r (the latter enters with the coefficient —1/8). For higher 
dimensions, the index is a sum of many different invariants. 

It is convenient to represent the determinant factor in (16. 7p as 

Ai^ smh(A„/(47r) 

where are the eigenvalues of the antisymmetric matrix 71"^^. This can be derived 
by diagonalizing, 

n — ¥ (io-sAi, . . .,ia2Xn) , 
and noting that, for any even function f{TZ), 

The estimate (16. 6p for CP" would be reproduced, if ignoring this curvature- 
dependent determinant factor in (16. 7p . When including this factor, we obtain instead 



'CP" 



q + {n-l)/2 



n 



(6.11) 



where q must be integer for odd n and half-integer for even n. The index is given by 
Eq. (l6.11|) when q > {n + l)/2. For negative q < —{n + l)/2, it is given by 

/cF"(g<0) = (_i)n 1^1 + (^^- l)/2 ^ . (6.12) 

The index vanishes for |g| < (n + 1) /2 [^. 

The result (16. lip for the index in CP" can also be derived directly, simply by 
counting the number of independent ground states |56l |21], i.e. the number of the 
normalized (with the measure (I3.24p . in which det /i = 1/(1 -|- zz)"'^^ ) solutions to 
the equations 

Q™-^o = Q™-^o = , (6.13) 



^•^Note in passing that the index (|6.1ip is closely related to the Witten index in 3d supersymmetric 
Yang-Mills-Chern-Simons theory |53j. See [Ml [55] for detailed discussion. 
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with Q'^°'" and Q'^°'" defined in (13. 41 p . fl3.42p . Choosing, e.g., the holomorphic repre- 
sentation ( 15. 3 p for the wave functions, we find that, in the sector of zero fermionic 
charge, the equation Q''°'"'^q = is satisfied identically, while the equation Q™''\E'o = 
implies 

sz 

5fc*o = -— — ^0, (6.14) 

1 + 2:2; 

with 

n + 1 , , 

2s = q-^. (6.15) 

We see that the normalized solutions exist only at s > 0. They have the form 

mQ = m{z,z) = {l + zz)-'^{z), (6.16) 

where $(^) is a polynomial of z^ of the rank not higher than 2s. Then the number 
of independent ground states is given by the binomial coefficient 



{n + 2s)\ (g + 



71— 1 ' 

2 ' 



n!(2s)! n\{q-^)\ 



(6.17) 



which exactly coincides with Eq. (16. lip . For negative g, the vacuum states are present 
in the sector of fermion charge F = n, hence the factor (—1)" in Eq. (I6.12p . 

What was wrong then in the calculation having led to (16. 6p ? The answer is 
that the recipe [5ll |52] that allowed us to replace the functional integral (16. ip by 
the ordinary integral (16. 3p and that works well for many SQM and supersymmetric 
field theory systems fails in this case. To obtain the correct estimate for the index, 
one should take into account the nonzero Fourier modes in the expansion (16. 2p and 
integrate them over in the Gaussian (see below) approximation. This integral gives 
exactly the determinant factor in fl6.7l). 

To perform the actual calculation o, we assume /3 to be small, impose periodic 
boundary conditions, subdivide the interval (0, /3) into a large number of integra- 
tion points and integrate first over Yijr '^'^^ ^'^It'^ ^'^^ obtain 

/ = IU^eth{z\r),z^{r))]J^^^^^ 

X exp j\EiT)dT^ , (6.18) 

with 

Le = h^j^z^^ + ]^{r¥ - rr) + (^'^-k,ai - i'^^^) • (6.19) 

The product Ylr (I6.18P runs over N discrete points Tr = (3r/N, r = 0, . . . , N — 1 . 
For simplicity, we suppressed the gauge part that was already successfully handled 



-'^'^It is rather similar in spirit to the calculation of the functional integral for SQM describing the 
complex (p"^; Tp^Tp^^^ [TH [TSl [TB] . We do it, however, in a much more detailed way. 
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earlier by the Cecotti-Girardello method. It is the determinant factor depending only 
on the Riemannian manifold geometry that is of interest for us now. 

Substitute now the expansion fl6.2l) into (16.191) . If the number of points N is large 
but finite, we have also to keep the number of Fourier modes finite, so that the sum 
in (16.21) runs over m = —M, . . . , 0, . . . , M, where = 2M + 1. To calculate the 
functional integral in the Gaussian approximation (we will justify the validity of 
this approximation later), we keep only quadratic (in zl^, zl^,ip!^ and ip'^) terms and 
do the r-integral. The quadratic part of the Lagrangian gives 



LfdT 



mm 



m 
/ 



Z^ 
mm 



(0) 



,(0) 1 



^ ab rnf-m Y '^mY-m^k,ab 



m 
/ 



m 



, ,(0) J _|_ Q , ,(0) ^fc 



(6.20) 



with = 27rm//3. The sum Yl'm '^uns over all nonzero modes. When writing this, we 
assumed m <^ M. If m ~ M, one is not allowed to approximate the finite differences 
in the Euclidean action entering the finite-number-of-point approximation (I6.18P of 
the path integral by time derivatives. An accurate analysis displays that the only 
change one should implement for large m is to substitute 



N 



-i-j (1 - 



(6.21) 



in Eq. (l6.20|) . However, as we will see later, this replacement affects only the overall 
coefficient in the functional integral that is fixed separately, while the nontrivial 
dependence of the integrand on the metric is determined by the contribution of only 
first few Fourier modes. 

Thus, we keep for the moment VLm = 2Tim/(3 and diagonalize the sum in (I6.20p 
by the substitution 



Vm 
it 



rm^ l'^-m^k,ab ^m'^fc.feJ ' 

■Vm + V [Z-m^k,ab " ^m^k bai ' 



(6.22) 



It brings (16.201) to the simple form 



mjk ^m ^m i 



(6.23) 
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Incidentally, the result (|6.18p can also be reproduced by trading the variables 7rj(rr) and 7rj(Tr 



for their Fourier modes and performing then the Gaussian integral over '^'"'i • ^^^^ 

case, the factor seen in (|6.18l) appears as the Jacobian of the variable change 
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where 



nlh'^^-^Qr^Rf,^^-,r^'^~''•'^] (6.24) 



and Rjk^ab is the Riemann tensor defined in f l2.22p . In the process of passing from 
fl6.20p to (16.231) we used the property fl-m = —^m and also the identity 

d[iu}k],-ba - ^[i4a^k]M = (and c.c.) (6.25) 

(the l.h.s. of Eq. (16.25p is none other than the component Rikha of the Riemann tensor 
that vanishes for Kahler manifolds). 

Note that the matrix of the partial derivatives corresponding to the substitution 
(I6.22P is triangle and so has a unit superdeterminant. The super- Jacobian for the 
variable change (16.21) is also equal to unity, because the bosonic and fermion determi- 
nants cancel each other. The functional integral over non-zero modes is then given by 
a product of a large (in the continuous limit, infinite) number of finite-dimensional 
determinants, which can be symbolically written as 

' _ _ 

grav. factor = /i JJ JJ — - JJ dip^dip^ exp { -Amipmipm - D^ZmZm ] 



2ti 

3 



fx 



JJdet \\A^\\ ■ det^^p^ll , (6.26) 



where 



N 



m=l 
N 



is the appropriate measure. The factor (det\\ h^^ 1 1 j in f lOTj) comes from the factor 

det ||/ijfc(rr)|| in (I6.18p . where the dependence of z^{t),z^{t) on higher Fourier 
harmonics has been suppressed. This suppression can be justified by noticing that 
the characteristic values of in the integral Yl^j dz^^dzl^ exp{— L^^^dr} are Zm ~ 
1/Qmy/P ~ y/P, which is small at small (3. The dimensional factor /J-^Mn f |6.27p 
comes from the factor = x in (I6.18P (the factor having been 

borrowed to be displayed in the constant mode integral (16. 3 P after performing the 
integration over momenta). To derive from (I6.18P the correct numerical factor in the 
measure, notice that the coefficient present in (I6.18P can be represented as 

M 



iv^ = (6.28) 



m=l 



which follows in turn from the known identity 



N-l 



Ylil-w"-) = N , if w = e'"'/^ . (6.29) 



r=l 



i^Consider P{x) = - 1 = rirlTo (^^ " w'') and calculate F'(l). 
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Then, bearing in mind that only first few values m are relevant (see below), we can 
replace flm ^m, which yields fl6.27p . It is much easier, of course, to fix the factor 
in fl6.27p from the condition that the r.h.s. of Eq. fl6.26p is equal to 1 in the flat case 

The calculation gives 



grav. factor = ^det j Y\ 



^ det 1 1 h'^^ 1 1 det 1 1 - ifi^i?] | 



, det ||fi^<5' + R'lS 

m=l " "I- J J 



where 



Ri. = h'^iRfkipij^^^^P^^^ (6.31) 

and we took into account the relation = 2M + 1 and sent M — t- oo afterwards. We 
see that only one power of the determinant det h^^^ is left. 

The infinite m-product in (16.301) can be done by writing the determinant as the 
product of the eigenvalues and using the identity 

n (27rm)^ ^ a 
(27rm)2 + a2 2sinh(a/2) ' ^ ' ' 

m=l ^ ' \ / / 

For a ~ 1, only few first values of m are essential in this product, and it justifies as 
promised the assumption m -C M under which Eq. (l6.20p was derived. 
We finally obtain 

= (2^ / n ^^^^W det . (6.33) 

where we suppressed the superscripts and passed back to the integration over 
the fermionic zero modes with the world indices (this absorbs the remaining 

factor deth in fl6.30p ). Multiplying the integrand by exp{—il3J^j%ip^ip^} and doing 
the fermion integral, we arrive at f l6.10p and hence to (16. 7p M . It is clear now why, in 
this particular case, we had to insert the 1-loop gravitational factor in the tree-level 
integral (16. 3p for the index. Formally, the factor (I6.30p tends to 1 for small /3 and, 
naively, the corrections involving /3 and its higher powers can be neglected. We see. 



To establish the exact correspondence, one has to keep in mind that the skew-symmetric matrix 
TZ defined in ()6.8p is represented in the Kahler case as 

,AB / -i?'^'' 



n^^ - ^ ; ) - (6.34) 

where 

R"'' = e^elR% dz^ A d^* . (6.35) 
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however, that each factor /3 in the expansion is multiphed by a bi-fermion structure 
~ ipijj, as is also the case for the expansion of the integrand in f l6.3p . For the fermion 
integral not to vanish, we have to pick up the terms ~ /3" (■?/''?/')" in the expansion of 
both the factor exp{— inside the tree-level integral and of the 1-loop factor 
f l6.30p — they come on equal footing. 

On the other hand, the possible semiclassical corrections involving more powers 
of P than those coming from ipip are not relevant (cf. a remark in the paragraph after 
f l6.27p ). This justifies neglecting two- loop and higher-loop effects in the functional 
integral (16. ip . 

7 Final comments and summary 

In the previous Section, we have constructed the proof of the Atiyah-Singer theorem 
for the standard Dirac operator based on the analysis of our SQM model for the 
Kahler manifolds and for Abelian gauge fields. The same method can be and was 
used, however, to prove it for any even-dimensional manifold. To this end, one should 
consider the system defined by the Lagrangian (13.3 ip accompanied by the external 
gauge field Lagrangian f l3.10p . 

As was discussed above, in the generic case, the M = 2 supersymmetry algebra 
is realized not by the supercharges (11. 4p . but by the supercharges!^ and '^7^"'"^. 
The Witten index (II. 3p of this model still coincides with the Atiyah-Singer index 
of Ip. One can be easily convinced in it by introducing the holomorphic variables 
-^^ = ■?/)i-*2y'y2, = ■?/;3~*^/a/2, etc, and noting that 

D D/2 

^D+i ^ ^2^)^/2 J] = Hirx"" - x^r) = (-1)^ • (7.1) 

A=l a=l 

Then we have to expand the Euclidean version of the Lagrangians (I3.3ip and (I3.10p 
into the modes and to perform basically the same calculation as described above. It 
gives the same answer (16. 7p . Exploring somewhat more complicated SQM systems, 
this method can be generalized to non-Abelian gauge fields too. 

For the index of the Dolbeault complex in a generic complex case (called sometimes 
arithmetic genus by mathematicians), especially, in the case where the torsion form is 
not closed, the life is much more difficult. The Lagrangian (13. 9p involves in this case 
also the large (with respect to the /3 counting) 4-fermion term such that one cannot 
neglect the higher-loop contributions anymore. Starting from the complex dimension 
2, two-loop contributions do not vanish, starting from the complex dimension 4, 
one should also add 3-loop contributions, etc. As a result, a direct evaluation of 
the functional integral is not possible anymore. Still, one can obtain the integral 
representation for the index (the so called Hirzebruch-Riemann-Roch theorem) by 

^^When the torsion is closed, the calculation is still possible. Such calculation is, in fact, the 
subject of Ref. 27 (even though this paper is purely mathematical and does not refer to functional 
integrals, etc) and Ref. [28]. 
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deforming the system considered in this paper in such a way that the torsions vanish 
while supersymmetry survives the deformation (see a recent paper [23] for details). 

Coming back to the calculation of Sector 6, we want to mention that there is 
another way to evaluate the curvature-dependent corrections to the naive leading 
order semiclassical result (16. 6p . One can proceed in the framework of the Hamiltonian 
formalism and notice that the index is given by the phase space integral of the Weyl 
symbol of the operator e~^^ . The point is that, generically, [e"'^'^]^^ differs from 
^-/3Hw there appear corrections involving higher powers of (3 . The simplest 
correction of this type for a generic SQM system with the phase space variables 
(Pj) Qj] 4'a,'4'a) is expressed as [57] 

[e-^""]^ = e-''^-(l + 5 + 0(/3^)) (7.2) 



with 



Q2 Q2 ( Q2 Q2 

+ i 
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X H{pj, qf Ipa, i)a)H{Pj, Qj] ^a, *a) \p=p^Q=g.q,=^^^=^ . (7.3) 



d^ad^a d^ad^a \dq,dP, OQ.dp.y, 



In most cases, this correction is suppressed at small /3 and so is irrelevant. However, 
in our case, it gives a relevant /3-independent contribution, 

A5/ = j l[dz^dz^ h^'h'Pe"'^e^mktmnRpisg= — , (7.4) 

j 

where r is the Hirzebruch signature. This coincides with the second term in (16. 9p . 

We see that the Lagrangian method is much more convenient than the Hamil- 
tonian one: the one-loop correction manifestly seen within the Lagrangian method 
corresponds to a complicated series in /3 on the Hamiltonian side. To find a relevant 
oc term in the expansion (17. 2p is already a pretty difficult task. 

Finally, it is worth mentioning that there are also other cases when the index can- 
not be expressed as the simple phase space integral (16. 3p . First of all, this concerns 
the systems with the continuous spectrum, like superconformal quantum mechan- 
ics or super- Yang-Mills quantum mechanics, where the integrals like (16. 3p give 
meaningless fractional values [Sn]-[n3]. In these cases, due to the absence of the 
gap, such integrals cannot be "focused" on zero energy normalized states, but are 
"contaminated" by the states from continuum. 

The systems with continuous spectrum are widely known and discussed in the 
literature. There is, however, another interesting class of systems, the SQM systems 
related to Abelian [M] and non-Abelian [HS] chiral supersymmetric 4D gauge theories. 
In the latter case, the spectrum seems to be discrete, the index is well-defined, and 
still the integral (16. 3 p gives a fractional value. It would be rather interesting to see 
whether this "anomaly" can be cured by taking into account the 1-loop determinant 
in the spirit of (16. 7p . 

There is also a problem in the index calculation for "symplectic" supersymmetric 
N' = 4 (T-models with bosonic part describing the motion over a 3D conformally fiat 
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manifold [66l [67| 168] . For example, for 5*^, the index is equal to 2, while the integral 
f l6.3p gives a meaningless irrational number. One of us has shown in that the 
corrections to fl6.3p are present in this case and that they are of the same order as the 
tree-level contribution. It would be interesting to try to sum up all such corrections 
by the Lagrangian functional integral method. 

As follows from the text of our paper, it involves both the review of the known 
facts concerning the interrelations between the complex geometry and JV = 2,1 su- 
persymmetric quantum mechanics and a considerable amount of the new results in 
this area. For convenience of the reader, we finish with the short summary of these 
new findings. 

1. We constructed, for the first time, quantum supercharges and Hamiltonian for the 
M = 2 SQM model (13. 5p in the case of general complex n-dimensional manifold and 
established the one-to-one correspondence of this system with twisted and untwisted 
Doulbeault complexes. 

2. For the Kahler manifolds, we also found a correspondence with twisted and un- 
twisted Dirac complexes and confirmed the equivalence of the twisted Dirac and 
Dolbeault complexes for this case. 

3. We presented a new detailed calculation of the index of the Dirac operator for 
the Kahler manifolds within the considered M = 2 SQM model and thereby gave one 
more "physical" proof of the Atiyah-Singer theorem for this operator. 

4. We presented M = 2 superfield formulation of the Kahler Af = A SQM model 
based on the off-shell Af = A muhiplet (2, 4, 2) = (2, 2, 0) © (0, 2, 2) . 
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